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Frpsdudwlyh Vwdwlfv ri wkh Zhdn D{lrp
E| Mrkq N10K1 Txdk
Devwudfw= Wklv sdshu h{dplqhv wkh frpsdudwlyh vwdwlfv ri Zdoudvldq hfrqrplhv zlwk h{0
fhvv ghpdqg ixqfwlrqv zklfk reh| wkh zhdn d{lrp1 Zh vkrz wkdw lq wkhvh hfrqrplhv wkhuh
lv d suhflvh vhqvh lq zklfk jrrgv wkdw duh lq h{fhvv vxsso| +ghpdqg, diwhu vrph shuwxu0
edwlrq zloo h{shulhqfh d idoo +ulvh, lq lwv sulfh1 Zh dsso| wklv wr dq h{fkdqjh hfrqrp|
zlwk dgglwlyh xwlolw| ixqfwlrqv/ zklfk fdq eh lqwhusuhwhg dv d qdqfldo hfrqrp| zlwk yrq
Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrqv1 Zh vkrz wkdw zkhq wkh vxemhfwlyh suredelolwlhv
zklfk djhqwv dwwulexwh wr d sduwlfxodu vwdwh idoov/ vr zloo wkh sulfh ri frqvxpswlrq lq wkdw
vwdwh1 Dqrwkhu lqwhuhvwlqj lvvxh lv wkh lpsdfw ri fkdqjhv wr wkh hqgrzphqw rq wkh htxlole0
ulxp sulfh1 Zh ghyhors frqglwlrqv xqghu zklfk/ iru dq h{fkdqjh hfrqrp|/ wklv htxloleulxp
pds 0 iurp hqgrzphqw wr htxloleulxp sulfh 0 zloo reh| wkh zhdn d{lrp dqg dqrwkhu vwurqjhu/
prqrwrqlflw| surshuw|1
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441 Lqwurgxfwlrq
Wkh lqghwhuplqdf| wkhruhpv ri Gheuhx/ Vrqqhqvfkhlq dqg Pdqwho vd| wkdw zlwkrxw
vxlwdeoh uhvwulfwlrqv rq hqgrzphqwv/ suhihuhqfhv ru whfkqrorj|/ wkhuh lv qr vwuxfwxuh wr wkh
h{fhvv ghpdqg ixqfwlrq ri dq h{fkdqjh ru surgxfwlrq hfrqrp| +vhh wkh vxuyh| lq Vkdihu
dqg Vrqqhqvfkhlq +4<;5,,1 Lw iroorzv iurp wkhvh uhvxowv wkdw/ lq jhqhudo/ dq hfrqrp|*v
htxloleulxp sulfhv duh qhlwkhu xqltxh qru vwdeoh zlwk uhvshfw wr Zdoudv* wdwrqqhphqw1 Wr
jxdudqwhh wkhvh surshuwlhv/ dgglwlrqdo vwuxfwxudo frqglwlrqv eh|rqg frqwlqxlw| dqg Zdoudv*
Odz qhhg wr eh lpsrvhg rq dq hfrqrp|*v h{fhvv ghpdqg ixqfwlrq1 Wkh wzr prvw h{whqvlyho|
vwxglhg frqglwlrqv zklfk gr jxdudqwhh xqltxhqhvv dqg vwdelolw| duh jurvv vxevwlwxelolw| dqg
wkh zhdn d{lrp1 Wkhvh duh djjuhjdwh frqglwlrqv/ vr rqh lv ohdg txlwh qdwxudoo| wr wkh
vwxg| ri lwv plfurirxqgdwlrqv1 Iru h{dpsoh/ Pdv0Frohoo +4<<4, dqg Judqgprqw +4<<5, kdyh
lghqwlhg sulplwlyh dvvxpswlrqv zklfk ohdg wr jurvv vxevwlwxelolw|> Kloghqeudqg +4<;6,/
Mhulvrq +4<<<, dqg Txdk +4<<:/ 4<<</ 5333, kdyh grqh wkh vdph iru wkh zhdn d{lrp1 +Iru
wkh zhdn d{lrp/ vhh Txdk +4<<<, iru d pruh h{kdxvwlyh olvw ri uhihuhqfhv1, Rq wkh zkroh
wkhvh wkhruhwlfdo prghov vxjjhvw wkdw djjuhjdwh surshuwlhv olnh jurvv vxevwlwxelolw| ru wkh
zhdn d{lrp frxog dulvh xqghu sodxvleoh vfhqdulrhv/ wkrxjk d pruh ghqlwh mxgjphqw zrxog
uhtxluh pruh hpslulfdo zrun1
Wklv sdshu h{dplqhv wkh frpsdudwlyh vwdwlfv ri hfrqrplhv zlwk h{fhvv ghpdqg ixqfwlrqv
wkdw reh| d surshuw| zh fdoo wkh zhdn d{lrp dw htxloleulxp/ d surshuw| zklfk lv zhdnhu wkdq
erwk jurvv vxevwlwxelolw| dqg wkh zhdn d{lrp1 +vhh Pdv0Frohoo hw do +4<<8,,1 Zh dvvxph
wkdw wklv surshuw| krogv lq d vhw ri sulfhv frqwdlqlqj dq htxloleulxp sulfh/ dqg vwxg| wkh
uhvwulfwlrqv wklv lpsrvhv rq htxloleulxp sulfh fkdqjhv dv hqgrzphqwv dqg suhihuhqfhv duh
5ydulhg1 Zh vkrz wkdw zlwk wklv surshuw|/ wkhuh lv d vhqvh lq zklfk jrrgv wkdw duh lq h{fhvv
ghpdqg diwhu vrph shuwxuedwlrq ri wkh hfrqrp|*v sdudphwhuv/ zloo h{shulhqfh dq lqfuhdvh
lq wkhlu sulfhv uhodwlyh wr wkrvh jrrgv lq h{fhvv vxsso|1 D vwudljkwiruzdug fruroodu| ri wklv
uhvxow lv wkdw zkhq wkh hqgrzphqw ri d jrrg idoov lq dq h{fkdqjh hfrqrp| zkhuh doo djhqwv
kdyh qrupdo ghpdqgv iru doo jrrgv/ wkh sulfh ri wkdw jrrg zloo ulvh uhodwlyh wr wkh sulfh ri
vrph exqgoh ri doo rwkhu jrrgv1 Lq dqrwkhu dssolfdwlrq/ zh frqvlghu dq h{fkdqjh hfrqrp|
zlwk dgglwlyh xwlolw| ixqfwlrqv/ zklfk fdq eh lqwhusuhwhg dv d qdqfldo hfrqrp| zlwk yrq
Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrqv1 Zh vkrz wkdw zkhq wkh vxemhfwlyh suredelolwlhv
zklfk djhqwv dwwulexwh wr d sduwlfxodu vwdwh idoov/ vr zloo wkh sulfh ri frqvxpswlrq lq wkdw
vwdwh1
Dqrwkhu lqwhuhvwlqj lvvxh lq frpsdudwlyh vwdwlfv lv wkh iroorzlqj1 Vxssrvh dq h{fkdqjh
hfrqrp|*v hqgrzphqwv duh fkdqjhg +zlwk suhihuhqfhv khog {hg, fdxvlqj wkh hfrqrp|*v
htxloleulxp sulfh wr fkdqjh dv zhoo> zkhq frxog zh h{shfw wkh hfrqrp|*v phdq hqgrzphqw
dqg lwv fruuhvsrqglqj htxloleulxp sulfh wr ydu| lq d zd| wkdw reh|v wkh zhdn d{lrpB Wklv
lv d glhuhqw txhvwlrq iurp dvnlqj zkhwkhu dq hfrqrp|*v h{fhvv ghpdqg ixqfwlrq vdwlvhv
wkh zhdn d{lrp/ dqg lwv dqvzhu zloo lq jhqhudo ghshqg/ qrw mxvw rq wkh fkdqjh lq wkh
phdq hqgrzphqw/ exw dovr rq suhflvho| krz wkdw fkdqjh lv glvwulexwhg dprqj djhqwv lq wkh
hfrqrp|1 Lw lv xvhixo iru wklv sxusrvh wr uhvwulfw rxuvhoyhv wr hqgrzphqw fkdqjhv zklfk
vdwlvi| dq djjuhjdwh qrupdolw| frqglwlrq/ l1h/ li dq hqgrzphqw fkdqjh udlvhv phdq lqfrph
dw wkh ruljlqdo htxloleulxp sulfh/ wkhq lw vkrxog dovr udlvh wkh ghpdqg iru doo jrrgv dw wkdw
sulfh1 Li doo djhqwv kdyh qrupdo ghpdqgv iru doo jrrgv/ wkhq djjuhjdwh qrupdolw| zloo krog
li wkh hqgrzphqw shuwxuedwlrq lqfuhdvhv wkh lqfrph ri hyhu| djhqw +dqg qrw mxvw phdq
6lqfrph,> li wklv grhv qrw krog/ dqg wkh hqgrzphqw shuwxuedwlrq/ hyhq wkrxjk lw udlvhv
dyhudjh lqfrph dovr fdxvhv wkh lqfrph ri vrph djhqwv wr idoo/ wkhq lw lv txlwh fohdu wkdw
glhuhqw lqfrph hodvwlflwlhv ri ghpdqg dfurvv djhqwv frxog ohdg wr d ylrodwlrq ri djjuhjdwh
qrupdolw|1 Vr djjuhjdwh qrupdolw| lv d mrlqw uhvwulfwlrq rq ghpdqg ehkdylrxu dqg wkh
hqgrzphqw shuwxuedwlrq1
Zh vkrz wkdw iru hqgrzphqw fkdqjhv zklfk vdwlvi| wkh djjuhjdwh qrupdolw| frqglwlrq/
wkh htxloleulxp sulfh zloo ydu| zlwk phdq hqgrzphqw lq d zd| wkdw reh|v wkh zhdn d{lrp
li dqg rqo| li wkh hfrqrplhv* h{fhvv ghpdqg ixqfwlrqv vdwlvi| wkh zhdn d{lrp dw wkhlu
htxloleulxp sulfhv1 Lqghhg iru wklv fodvv ri hqgrzphqw fkdqjhv rqh fdq jr ixuwkhu= zh
vkrz wkdw wkh htxloleulxp sulfh fkdqjh iroorzlqj d fkdqjh lq hqgrzphqw pxvw reh| d
prqrwrqlflw| surshuw| wkdw zdv uvw vwxglhg e| Qdfkedu +4<<<,1 Qdfkedu +4<<<, hvwdeolvkhg
d orfdo yhuvlrq ri wklv uhvxow> rxu uhvxow jhqhudol}hv wklv wr d qrq0orfdo/ qrq0glhuhqwldeoh
frqwh{w1
51 Frpsdudwlyh Vwdwlfv
Ohw ] = U,
nn $ U, eh wkh h{fhvv ghpdqg ixqfwlrq ri dq h{fkdqjh ru surgxfwlrq hfrqrp|
zlwk jrrgv lq wkh vhw O @ i4>5>===>oj1 Zh vd| wkdw ] lv vwdqgdug li lw vdwlvhv Zdoudv* Odz/
l1h1/ s  ]+s,@3iru doo s lq U,
nn/ dqg lv krprjhqhrxv ri ghjuhh }hur1 D sulfh s￿   3 lv dq
htxloleulxp sulfh li ]+s￿,@3 1 Ohw S eh d vhw lq U,
nn> wkhq ] vdwlvhv wkh zhdn d{lrp dw
htxloeulxp +ZDH, lq S li S frqwdlqv dq htxloleulxp sulfh s￿ dqg s￿  ]+s, A 3 zkhqhyhu s
lv lq S dqg qrw froolqhdu wr s￿1 Lw lv nqrzq wkdw li ZDH krogv lq dq rshq qhljkerukrrg ri
s￿ wkhq s￿ zloo eh orfdoo| vwdeoh zlwk uhvshfw wr Zdoudv* wdwrqqhphqw1 Fohduo| wkh ghqlwlrq
7dovr uhtxluhv wkh htxloleulxp wr eh xqltxh +xs wr vfdodu pxowlsohv, lq S/ exw xqohvv S @ U,
nn
joredo xqltxhqhvv lv qrw lpsolhg1 D vx!flhqw frqglwlrq iru ] wr vdwlvi| ZDH lq dq rshq dqg
frqyh{ qhljkerukrrg ri s￿ lv iru ] wr eh F￿ dqg iru yACR]+s￿,y?3 zkhq y lv qrw froolqhdu
zlwk s￿> zh vkdoo uhihu wr wklv surshuw| dv wkh glhuhqwldeoh ZDH1 Zh zloo qrz h{soruh wkh
frpsdudwlyh vwdwlfv lpsolfdwlrqv ri ZDH1
SURSRVLWLRQ 514= Vxssrvh wkdw  ] = U,
nn $ U, lv d vwdqgdug h{fhvv ghpdqg ixqfwlrq
ri dq hfrqrp| zlwk dq htxloleulxp sulfh dw  s dqg dovr wkdw  ] vdwlvhv  s  ]+s, A 3 iru vrph
s   3 +lq rwkhu zrugv/  ] vdwlvhv ZDH lq wkh vhw is>  sj,1
+l, Ghqlqj On @ il 5 O =  ]￿+s, A 3j dqg O3 @ il 5 O =  ]￿+s, ? 3j/ zh kdyh
S
un  s￿  ]￿+s,
S
u3  s￿^ ]￿+s,`
A
S




+ll, Wkhuh lv d jrrg m lq On d q gdj r r gn lq O3 vxfk wkdw  s￿@ s& As ￿@s&1
Surri= Fohduo|/  ]+s, 9@3vr On dqg O3 duh qrq0hpsw|1 E| wkh lqwhuphgldwh ydoxh
wkhruhp/ wkhuh lv A3/ vxfk wkdw
S
un+ s￿  s￿, ]￿+s,@3 1 E| ZDH dqg Zdoudv* Odz/
+ s  s,   ]+s, A 31 H{sdqglqj wkh ohiw ri wklv lqhtxdolw|/ dqg iroorzlqj iurp rxu fkrlfh ri
/
S
u3  s￿  ]￿+s, A
S
u3 s￿  ]￿+s,1 Wkhuhiruh/ zh kdyh
S
un  s￿  ]￿+s,
S
un s￿  ]￿+s,
@ A
S




Uh0duudqjlqj wklv jlyhv xv +4,1
Wkh vhfrqg sduw ri wkh sursrvlwlrq iroorzv lpphgldwho| iurp +5, rqfh zh qrwlfh wkdw




un  s￿  ]￿+s,
S
un s￿  ]￿+s,
8dqg d jrrg n lq O3 vxfk wkdw
S







Wklv uhvxow frxog eh lqwhusuhwhg lq wkh iroorzlqj zd|1 Vxssrvh wkdw wkh hfrqrp| lv
lqlwldoo| dw htxloleulxp dw wkh sulfh s1 Lw h{shulhqfhv d shuwxuedwlrq zklfk fkdqjhv lwv
h{fhvv ghpdqg ixqfwlrq wr  ]1 Wkh vhw On duh wkrvh jrrgv zklfk duh lq h{fhvv ghpdqg
diwhu wkh shuwxuedwlrq/ zkloh O3 duh wkrvh jrrgv lq h{fhvv vxsso|/ dw wkh ruljlqdo sulfh ri
s1 Wkh qhz htxloleulxp sulfh lv  s>w k hs u r s r v l w l r qv d | vw k d ww k h u hl vde x q g o hr ij r r g vl q
On +zhljkwhg e| wkh vl}h ri wkh h{fhvv ghpdqgv, dqg d exqgoh ri jrrgv lq O3 +zhljkwhg
e| wkh vl}h ri wkh h{fhvv vxssolhv, vxfk wkdw wkh sulfh ri wkh iruphu uhodwlyh wr wkh odwwhu
lqfuhdvhv diwhu wkh shuwxuedwlrq1 Wklv lpsolhv/ lq sduwlfxodu/ wkdw wkhuh lv dw ohdvw rqh jrrg
lq On zkrvh sulfh uhodwlyh wr d jrrg lq O3 lqfuhdvhv diwhu wkh shuwxuedwlrq1
Qrwh wkdw wkh wkhruhp uhtxluhv wkdw ZDH eh vdwlvhg e|  ]/ wkh h{fhvv ghpdqg ri wkh
shuwxuehg hfrqrp| dqg qrw ]/ wkh h{fhvv ghpdqg ri wkh ruljlqdo hfrqrp|1 Wklv uhtxluhphqw
frxog eh jxdudqwhhg iru vpdoo shuwxuedwlrqv lq wkh iroorzlqj idvklrq1 Vxssrvh wkdw ]
vdwlvhv glhuhqwldeoh ZDH dw lwv htxloleulxp sulfh s1W k h qs lv dovr uhjxodu/ l1h1/ wkh udqn
ri CR]+s, lv o41 +vhh Pdv0Frohoo hw do +4<<8,,1 Ixuwkhupruh/ vxssrvh wkdw h{fhvv ghpdqg lv
d vprrwk ixqfwlrq ri sulfh dqg d sdudphwhu t lq Ur/ zklfk uhsuhvhqwv srvvleoh shuwxuedwlrqv
wr wkh hfrqrp|1 Dvvxph wkdw dw t @3 / wkh h{fhvv ghpdqg lv ]1 Wkhq rqh frxog hvwdeolvk/
zlwk vwdqgdug dujxphqwv wkdw iru dq hfrqrp| zlwk d shuwxuedwlrq t zklfk lv vx!flhqwo|
forvh wr 3/ lwv h{fhvv ghpdqg  ] zloo eh vx!flhqwo| forvh wr ] dqg lwv htxloleulxp sulfh  s
vx!flhqwo| forvh wr s iru wkh frqglwlrq ri Sursrvlwlrq 4/  s   ]+s, A 3/w rk r o g 1
9Xvlqj Sursrvlwlrq 4 lw lv srvvleoh wr irup d gluhfw olqn ehwzhhq wkh fkdqjh lq htxloleulxp
sulfh dqg wkh fkdqjh lq wkh prgho*v sdudphwhuv/ surylghg zh fdq vd| vrphwklqj derxw zklfk
jrrgv zloo eh lq h{fhvv vxsso| ru ghpdqg dv d uhvxow ri wkh sdudphwhu fkdqjh1 Zh zloo
looxvwudwh wklv lghd zlwk wzr h{dpsohv iurp h{fkdqjh hfrqrplhv1
Zh frqvlghu wkh fodvv ri vwdqgdug h{fkdqjh hfrqrplhv/ zkrvh surshuwlhv zh qrz ghvfuleh1
Wkh djhqwv lq wkhvh hfrqrplhv irup d qlwh vhw D1W rh d f kd j h q wd lq D lv dvvrfldwhg dq
hqgrzphqw $@ lq U,
n dqg d ghpdqg ixqfwlrq i@ = U,
nnUnn $ U,
nn> ghqhg dv d ixqfwlrq
ri sulfh dqg lqfrph/ +s>z,1 Dw sulfh s/ wkh djhqw d*v lqfrph lv s  $@/ vr klv ghpdqg lv
i+s>s  $@,1 Zh ghqrwh e| $ wkh yhfwru +$@,@M￿ lq U
,￿￿￿
n 1d q g e | i wkh ixqfwlrq iurp s
wr +i@+s,,@M￿1 Wkh hfrqrp| zlwk hqgrzphqw $ dqg ghpdqg i lv ghqrwhg e| H+$>i,1Z h
dvvxph wkdw i@ vdwlvhv wkh exgjhw lghqwlw| dqg lv krprjhqhrxv ri ghjuhh }hur1 Iroorzlqj
iurp wklv/ wkh h{fhvv ghpdqg ixqfwlrq ] = U,
nn $ U,/ ghqhg e| ]+s,@I+s,+$, pxvw
dovr eh vwdqgdug/ zkhuh I+s,@^
S
@M￿ i@+s>s  $@,`@mDm lv wkh phdq pdunhw ghpdqg dqg
+$,@^
S
@M￿ $@`@mDm lv wkh phdq hqgrzphqw1
H{dpsoh 41 Wklv lv d vlpsoh dqg zhoo0nqrzq h{dpsoh zklfk frxog dovr eh eh irxqg lq
Pdv0Frohoo hw do +4<<8,1 Frqvlghu dq hfrqrp| zkrvh hqgrzphqw kdv ehhq shuwxuehg iurp
$ wr  $1 Iru doo djhqwv d/  $￿
@  $￿
@/ zlwk d vwulfw lqhtxdolw| iru dw ohdvw rqh djhqw/ dqg iru
doo rwkhu jrrgv l/  $￿
@ @ $￿
@1 Lq rwkhu zrugv/ wkh hqgrzphqw ri jrrg 4 kdv idoohq iru vrph
djhqwv/ zkloh wkh rwkhu hqgrzphqw ri doo rwkhu jrrgv vwd| wkh vdph1 Wkh ghpdqg ixqfwlrq
uhpdlqv dw i dqg zh dvvxph wkdw lw lv vxfk wkdw doo jrrgv duh qrupdo iru doo djhqwv1 Dw wkh
ruljlqdo htxloleulxp sulfh ri s/ wkh fkdqjh lq hqgrzphqw fdxvhv wkh lqfrph ri vrph djhqwv
idoo/ zkloh qr djhqw kdv dq lqfuhdvh lq lqfrph1 Vr dw wkh sulfh s/ wkh ghpdqg iru doo jrrgv
:pxvw idoo/ dqg frqvhtxhqwo|/ iru dq| jrrg nA4/  ]&+s, ? 31 E| Zdoudv* Odz/  ]￿+s, A 31L q
wkh qrwdwlrq ri Sursrvlwlrq 514/ On @ i4j dqg O3 @ i5>6>===>oj> wkh vdph sursrvlwlrq whoo
xv wkdw dw wkh qhz htxloleulxp sulfh ri  s/ wkh sulfh ri jrrg 4 uhodwlyh wr wkh sulfh ri vrph
exqgoh ri doo rwkhu jrrgv pxvw kdyh ulvhq1
H{dpsoh 51 Lq wklv h{dpsoh/ zh dvvxph wkdw hqgrzphqwv duh {hg dqg frqvlghu wkh hi0
ihfw ri d fkdqjh lq suhihuhqfhv rq wkh htxloleulxp sulfh1 Wzr vwdqgdug h{fkdqjh hfrqrplhv/
H+$>j, dqg H+$> j, kdyh glhuhqw ghpdqg ixqfwlrqv exw wkh vdph hqgrzphqwv1 Zh dv0















41 Zh pd| lqwhusuhw wklv dv d qdqfh prgho zlwk frpsohwh pdunhwv lqkdelwhg e| djhqwv
zlwk yrq Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrqv> X@ dqg h X@ duh wkh xwlolw| ixqfwlrqv ri wkh
djhqw d xqghu wkh vxemhfwlyh suredelolwhv @ dqg  @ +erwk xqghuvwrrg dv yhfwruv lq U,
nn,
uhvshfwlyho|1 Fdq zh vd| dq|wklqj derxw wkh frqqhfwlrq ehwzhhq wkh htxloleulxp sulfh ri
vwdwh l frqvxpswlrq dqg wkh vxemhfwlyh suredelolwlhv djhqwv dwwdfk wr vwdwh lB Lw wxuqv rxw
wkdw zh fdq/ xvlqj Sursrvwlrq 514 dqg wkh iroorzlqj ohppd1













duh erwk qrq0hpsw| dqg iru doo +s>z,   3/  j￿
@+s>z, Aj ￿
@+s>z, li l lv lq OW
@/d q g j￿
@+s>z, ?
j￿
@+s>z, li l lv lq OWW
@ 1
Surri= Wkh qrq0hpswlqhvv ri OW
@ dqg OWW
@ duh reylrxv/ iroorzlqj iurp wkh idfw wkdw






@ @4 1 Vxssrvh wkdw  ￿
@@￿
@ @ N li l lv lq OW
@1 Qrwh wkdw N
pxvw eh eljjhu wkdq 41 Zh ghqh a @ @ @@N> fohduo| @ A a @/ zlwk ￿
@ @a ￿
@ li dqg rqo|
;li l lv lq OW




@+{￿,/ jhqhudwhv wkh vdph ghpdqg dv
h X@1 Zh frxog wklqn ri X@ ehlqj fkdqjhg wr e X@ vwhs e| vwhs/ zkhuh dw hdfk vwhs/ wkh zhljkw
dwwdfkhg wr hdfk l lv orzhuhg iurp ￿
@ wr a ￿
@/ iru doo l lq OqOW
@1 Lw lv nqrzq wkdw orzhulqj wkh
zhljkw dwwdfkhg wr vrph jrrg/ nhhslqj wkh rwkhu zhljkwv wkh vdph kdv wkh hhfw ri udlvlqj
wkh ghpdqg ri hyhu| rwkhu jrrg +vhh/ iru h{dpsoh/ Judqgprqw +4<<;,,> wkhuhiruh/ dw hdfk
vwhs/ wkh ghpdqg iru jrrg l lq OW




@1 Wkh surri iru wkh rwkhu sduw lv wkh vdph1 THG
Wr dsso| wklv uhvxow frqvlghu wkh iroorzlqj vfhqdulr1 Iru vrph vxevhw ri djhqwv D￿ lq D/
@ xqghujrhv d fkdqjh wr  @1 Wklv fkdqjh lq vxemhfwlyh eholhiv lv elqdu|/ l1h1/ wkh suredelolw|
ri d vwdwh hlwkhu jrhv xs e| d frpprq idfwru n@ +lq zklfk fdvh wkh vwdwh lv lq OW
@,r ul wj r h v
grzq e| d frpprq idfwru n￿
@ +lq zklfk fdvh wkh vwdwh lv lq OWW
@ ,> vr OW
@ ^ OWW
@ @ O1 Dvvxph
wkdw OW
@ @ OW lv frpprq dfurvv doo djhqwv lq D￿/ dqg vlploduo|/ wkdw OWW
@ @ OWW lv frpprq
dfurvv doo djhqwv lq D￿1 Wkhq zh nqrz iurp wkh ohppd wkdw dw wkh suhydlolqj htxoleulxp sulfh
ri s/ wkh jrrgv lq OW +uhvshfwlyho| OWW, pxvw h{shulhqfh dq lqfuhdvh +ghfuhdvh, lq ghpdqg1
Lw iroorzv wkdw +xvlqj wkh qrwdwlrq ri Sursrvlwlrq 514, OW  On dqg OWW  O31 Wrjhwkhu
zlwk wkh idfw wkdw OW^OWW @ O/ zh rewdlq On @ OW dqg O3 @ OWW1 Ilqdoo| zh dvvxph wkdw
 ] wkh h{fhvv ghpdqg ri H+$> j, dqg  s/ lwv htxloleulxp sulfh/ vdwlvi|  s  ]+s, A 3/ zkhuh s lv
wkh htxloleulxp sulfh ri H+$>j,1 E| Sursrvlwlrq 514 wkhuh lv d exqgoh ri jrrgv lq OW zkrvh
sulfh zloo ulvh uhodwlyh wr vrph exqgoh ri jrrgv lq OWW1 Hyhq pruh vshflfdoo|/ vxssrvh wkdw
iru wkh djhqwv lq D￿/ wkh vxemhfwlyh suredelolw| ri vwdwh 4 jrhv xs/ dqg wkh suredelolw| ri doo
rwkhu vwdwhv idoo e| wkh vdph sursruwlrq1 Wkhq wkh sulfh ri vwdwh 4 frqvxpswlrq/ uhodwlyh wr
wkh sulfh ri vrph frqvxpswlrq exqgoh lq doo rwkhu vwdwhv/ zloo ulvh1
<Sursrvlwlrq 514 dqg wkh wzr h{dpsohv glvfxvvhg vkrz wkdw dvvxplqj ZDH ohdgv wr
frpsdudwlyh vwdwlfv wkdw fruuhvsrqg eurdgo| zlwk rxu lqwxlwlrq= zkhq d jrrg lv lq h{fhvv
vxsso|/ lwv sulfh idoov> zkhq wkh hqgrzphqw ri d jrrg idoov/ lwv sulfh zloo lqfuhdvh> dqg zkhq
wkh suredelolw| ri dq hyhqw lqfuhdvhv/ vr zloo lwv vwdwh sulfh1 Wkh qh{w vhfwlrq wdnhv xs d
glhuhqw wkhph1
61 Wkh Htxloleulxp Pds
Zh nhhs wkh djhqwv* ghpdqg ixqfwlrq {hg dw i/ dqg frqvlghu wkh froohfwlrq ri hfrqrplhv
iH+$>i,=$ 5 U
,￿￿￿
n j1 Prgli|lqj rxu hduolhu qrwdwlrq/ zh zulwh I+s>$, wr uhihu wr wkh phdq
ghpdqg ri wkh hfrqrp| H+$>i, dw sulfh s dqg ]+s>$, dv lwv h{fhvv ghpdqg1 Wklv qrwdwlrq
kljkoljkwv wkh ghshqghqfh ri ghpdqg dqg h{fhvv ghpdqg rq wkh hqgrzphqw $> lw dovr
phdqv/ ri frxuvh/ wkdw zh vkdoo eh wklqnlqj ri I dqg ] dv ixqfwlrqv ri +s>$,1 Zh vd| wkdw
I vdwlvhv zhdn djjuhjdwh qrupdolw| ehwzhhq +s>$, dqg +s>  $, li wkh iroorzlqj krogv= zkhq
s+$, As+ $,/ I+s>$, AI+s>  $,/ zkhq s+$, ?s+ $,/ I+s>$, ?I+s>  $,/ dqg zkhq
s  +$,@s  + $,/ I+s>$,@I+s>  $,1 Wklv frqfhsw zloo eh fhqwudo wr rxu h{srvlwlrq lq
wklv vhfwlrq> wkh qdph zh jlyh wr lw iroorzv Qdfkedu +4<<<, dqg lv hqwluho| dssursuldwh vlqfh
wkh frqglwlrq hvvhqwldoo| vd|v wkdw li wkh hqgrzphqw $ dw sulfh s kdv d kljkhu phdq ydoxh
wkdq  $ dw wkh vdph sulfh/ wkhq djjuhjdwh ghpdqg pxvw eh zhdno| kljkhu iru doo jrrgv dqg
vwulfwo| kljkhu iru dw ohdvw rqh jrrg1
Ohw  eh d vxevhw ri U
,￿￿￿
n 1 W rh d f kh f r q r p |H+$>i,/ zlwk $ lq / zh dvvrfldwh dq
htxloleulxp sulfh S+$, zklfk lv qrupdol}hg wr vdwlvi| S+$,  +$,@4 1 Zh vkdoo uhihu wr S
dv wkh htxloleulxp pds ru ixqfwlrq1 Wklv pds vdwlvhv wkh zhdn d{lrp dw  $ li iru dq| $ lq
43/ zlwk + $, 9@ +$,/ hlwkhu S+ $,+$, AS+ $,+ $,@4ru S+$,+ $, AS+$,+$,@4 1
Wkh qh{w uhvxow lghqwlhv frqglwlrqv zklfk jxdudqwhh wkdw S reh|v wkh zhdn d{lrp dw  $1
SURSRVLWLRQ 614= Ohw S =$ U,
nn/   U
,￿￿￿
n eh dq htxloleulxp pds1 Wkhq S
vdwlvhv wkh zhdn d{lrp dw  $ li
+l, S+$,  ]+S+ $,>$, A 3 iru doo $ lq  zlwk S+$, 9@ S+ $, +htxlydohqwo|/ ]+>$, vdwlvhv
ZDH lq iS+$,>S+ $,j,/ dqg
+ll, I vdwlvhv zhdn djjuhjdwh qrupdolw| ehwzhhq +S+ $,>  $, dqg +S+ $,>$, iru doo $ lq 1
Surri= Vxssrvh wkdw +$, 9@ + $, dqg +$,  S+ $,  4@+ $,  S+ $,1 E| djjuhjdwh
qrupdolw|/ I+S+ $,>$,  I+S+ $,>  $,@+ $,1 Dvvxplqj wkdw S+$, 9@ S+ $,/ zh kdyh
S+$,  ]+S+ $,>$, A 3 iurp zklfk zh rewdlq/ dv uhtxluhg/
S+$,  + $,  S+$,  I+S+ $,>$, AS+$,  +$,=
Vxssrvh qrz wkdw S+$,@S+ $,1W k h ql i+$,S+ $, ? 4/z hd o v rk d y h+$,S+$, ? 4/
zklfk e| wkh ghqlwlrq ri S/ fdqqrw eh wuxh1 Vr +$,  S+ $,@4 1 E| djjuhjdwh qrupdolw|/
+$,@I+S+$,>$,@I+S+ $,>$,@I+S+ $,>  $,@+ $,>
frqwudu| wr rxu lqlwldo dvvxpswlrq wkdw +$, 9@ + $,1 THG
Sursrvlwlrq 614 grhv qrw uhtxluh wkh shuwxuedwlrq frqvlghuhg wr eh vpdoo/ vr $ lq  fdq
eh idu dzd| iurp  $/ qru grhv lw uhtxluh glhuhqwldelolw| lq dq| irup1 Li wkhvh dvvxpswlrqv
duh pdgh/ wkhq vwdqgdug dujxphqwv zloo doorz xv wr vd| d elw pruh1 Ohw  s eh dq htxloleulxp
sulfh ri H+ $>i, vdwlvi|lqj  s  + $,@4 1 Dvvxph wkdw ] lv d F￿ ixqfwlrq dqg wkdw ]+>  $,
lv uhjxodu dw  s1 E| wkh lpsolflw ixqfwlrq wkhruhp/ wkhuh lv dq rshq qhljkerukrrg ri  $/
P/ dqg dq rshq qhljkerukrrg ri  s/ Q/ vxfk wkdw iru doo $ lq P/ wkh hfrqrp| H+$>i,
44kdv d xqltxh +qrupdol}hg, htxloleulxp sulfh lq Q/ zklfk zh ghqrwh e| S+$,/d q gw k hp d s
S = P $ Q lv F￿1 Ixuwkhupruh/ li ]+>  $, vdwlvhv glhuhqwldeoh ZDH dw  s +vr lq sduwlfxodu/
]+>  $, lv uhjxodu,/ P dqg Q frxog eh fkrvhq vxfk wkdw wkh htxloleulxp pds S dovr vdwlvhv
S+$,  ]+S+ $,>$, A 3 iru doo $ lq Q/ surylghg S+ $, 9@ S+$,1 Lq rwkhu zrugv/ S vdwlvhv
frqglwlrq +l, lq Sursrvlwlrq 6141 Li zh qrz fkrrvh   Q vr wkdw frqglwlrq +ll, lq wkh
sursrvlwlrq dovr krogv/ wkhq +dexvlqj qrwdwlrq voljkwo|,/ S =$ U,
nn zloo vdwlvi| wkh zhdn
d{lrp dw  $1
Frqglwlrq +ll, 0 djjuhjdwh qrupdolw| 0 lv hvvhqwldoo| d mrlqw uhvwulfwlrq rq djhqwv* Hqjho
fxuyhv dqg wkh glvwulexwlrq ri wkh hqgrzphqw shuwxuedwlrq dfurvv djhqwv1 Lw lv txlwh fohdu
wkdw xqohvv djhqwv kdyh sdudooho Hqjho fxuyhv/ djjuhjdwh qrupdolw| pxvw phdq wkdw  fdqqrw
lqfoxgh doo shuwxuedwlrqv iurp  $> lq rwkhu zrugv/  lv d surshu vxevhw ri/ dqg fdqqrw eh
htxdo wr/ Q1 D vlpsoh exw h{wuhph vlwxdwlrq zkhuh wkh frqglwlrq lv vdwlvhg lv wr dvvxph
wkdw doo jrrgv duh qrupdo wr doo djhqwv dqg wkdw
@i$ 5 P = $@ @ $@ . n@ zkhuh n@ A 3 dqg  5 U, vdwlvhv nn @4 j=
Wkh lpsruwdqw wklqj wr qrwh khuh lv wkdw shuwxuedwlrq lv froolqhdu dfurvv djhqwv/ lq wkh
gluhfwlrq ri / vr doo djhqwv hlwkhu vlpxowdqhrxvo| h{shulhqfh dq lqfuhdvh ru ghfuhdvh lq
lqfrph dw wkh ruljlqdo htxloeulxp sulfh  s/ ghshqglqj uhvshfwlyho| rq zkhwkhu  s lv srvlwlyh
ru qhjdwlyh1 Fohduo|/ frqglwlrq +ll, lv qrz jxdudqwhhg dqg Sursrvlwlrq 614 fdq eh dssolhg wr
jxdudqwhh wkdw S reh|v wkh zhdn d{lrp dw  s1
Wkh qh{w uhvxow lv d sduwldo frqyhuvh ri Sursrvlwlrq 6141 Orrvho| vshdnlqj/ zh vkrz wkdw
li S reh|v wkh zhdn d{lrp/ dqg djjuhjdwh qrupdolw| krogv/ wkhq wkh h{fhvv ghpdqg ixqfwlrq
pxvw vdwlvi| ZDH iru d sduwlfxodu vhw ri sulfhv1
45SURSRVLWLRQ 615= Ohw  s eh dq htxloleulxp sulfh ri H+ $>i, zlwk  s  + $,@4dqg ohw
 i $ 5 U
,￿￿￿
n = s  +$,@4 j1 Vxssrvh wkdw
+l, dq htxloleulxp pds S =$ U,
nn zlwk S+ $,@ s vdwlvhv wkh zhdn d{lrp dw  $/ dqg
+ll, I vdwlvhv zhdn djjuhjdwh qrupdolw| ehwzhhq +S+$,>  $, dqg +S+$,>$, iru doo $ lq 1
Wkhq ]+>  $, vdwlvhv ZDH lq S+,1
Surri= E| +l,/ S+$,  + $, A 4@S+$,  +$,/ zklfk lpsolhv/ e| +ll, wkdw I+S+$,>  $, A
I+S+$,>$,@+$,1 Lw iroorzv wkdw
S+ $,  I+S+$,>  $, AS+ $,  +$,@S+ $,  + $,
dqg vr S+ $,  ]+S+$,>  $, A 31 THG
Wr xqghuvwdqg Sursrvlwlrq 615 d olwwoh ehwwhu/ lpdjlqh wkdw wkh hfrqrp| H+ $>i,/z l w k
htxloleulxp sulfh  s/ lv shuwxuehg zlwk wkh hqgrzphqw ri djhqw d fkdqjhg iurp $@ wr $@./
zkhuh  lv lq @i 5 U, = s   @3 j1 Fohduo|/ dw wkh sulfh  s/ wkh lqfrph ri doo djhqwv duh
ohiw xqfkdqjhg e| wkh shuwxuedwlrq dqg phdq lqfrph lv dovr suhvhuyhg dw  s  + $,/ zkloh
phdq hqgrzphqw ehfrphv + $,.1 Vlqfh  lv frpprq dfurvv doo djhqwv/ wkh djjuhjdwh
qrupdolw| uhtxluhg lq frqglwlrq +ll, ri Sursrvlwlrq 615 zloo krog li doo djhqwv kdyh qrupdo
ghpdqgv iru doo jrrgv1 Ghsduwlqj iurp rxu frqyhqwlrq vr idu/ zh dvvxph wkdw  s lv lq
W @ is 5 U,
nn = s, @4 j1 V ro r q jd v s lv d uhjxodu htxloleulxp sulfh/ zh fdq qg d
glhrprusklf pds S = ￿ $ W￿/ zkhuh ￿ lv rshq lq  dqg W￿ lv rshq lq W vxfk wkdw
S+, lv dq htxloleulxp sulfh ri H+ $ . >i, dqg S+3, @  s1 +Qrwh wkdw zh kdyh dexvhg wkh
qrwdwlrq S1, Li frqglwlrq +l, lq Sursrvlwlrq 615 krogv/ l1h1/ li S+,  ?3 iru doo  lq ￿/
wkhq wkh sursrvlwlrq vd|v wkdw  s  ]+s>  $, A 3 iru doo s lq W￿1 Lq rwkhu zrugv/ li wkhuh lv dq
rshq qhljkerukrrg ri froolqhdu hqgrzphqw shuwxuedwlrqv +dv uhsuhvhqwhg e| ,l qz k l f kS
46reh|v wkh zhdn d{lrp/ wkhq wkhuh pxvw dovr eh dq rshq qhljkerukrrg ri  s lq zklfk ]+>  $,
vdwlvhv ZDH1
Ehvlghv wkh zhdn d{lrp/ wkhuh duh rwkhu surshuwlhv zklfk wkh htxloleulxp pds S frxog
xvhixoo| vdwlvi|1 Zh vd| wkdw S lv prqrwrqlf dw  $ li ++ $,+$,+S+ $,S+$,, ? 3 zkhqhyhu
+$, 9@ + $,1 Lw lv hdv| wr fkhfn wkdw wklv surshuw| lv vwurqjhu wkdq wkh zhdn d{lrp> lw zdv
uvw lqyhvwljdwhg e| Pdolqydxg +4<:5, dqg d uhfhqw vwxg| frxog eh irxqg lq Txdk +4<<<,1 Zh
vkdoo qrw glvfxvv lw dq| ixuwkhu lq wklv sdshu/ exw lw lv zruwk phqwlrqlqj wkdw wkh frqglwlrqv
ghyhorshg lq Txdk +4<<<, wr jxdudqwhh wkh prqrwrqlflw| ri S duh qhlwkhu vwurqjhu qru
zhdnhu wkdq wkh dvvxpswlrqv ri Sursrvlwlrq 614= lq sduwlfxodu/ djjuhjdwh qrupdolw| lv qrw
uhtxluhg/ vr wklv frqglwlrq lv qrw qhfhvvdu| iru S wr vdwlvi| wkh zhdn d{lrp1
Dqrwkhu surshuw| ri S/ forvho| uhodwhg wr wkh zhdn d{lrp/ kdv uhfhqwo| ehhq vwxglhg e|
Qdfkedu +4<<<,1 Zh vd| wkdw wkh htxloleulxp pds S =$ U,
nn lv Q0prqrwrqlf dw  $ li
iru doo $ lq / wkhuh lv d yhfwru d   3/ dqg uhdo qxpehu A3 +erwk ri zklfk ghshqg rq
$, vxfk wkdw d  S+ $,@d  S+$, dqg ++ $,  +$,,  +S+ $,  S+$,,  3/ zlwk htxdolw|
rqo| li +l, +$,@+ $, ru +ll, +$,S+ $, 9@4dqg S+ $, dqg S+$, duh froolqhdu1 Djdlq/ lw lv
vwudljkwiruzdug wr fkhfn wkdw wklv surshuw| lv vwurqjhu wkdq wkh zhdn d{lrp1 Wkh surshuw|
vd|v wkdw wkhuh lv d zd| ri qrupdol}lqj sulfhv vxfk wkdw wkh fkdqjh lq sulfh dqg wkh fkdqjh
lq phdq hqgrzphqw pryh lq rssrvlwh gluhfwlrqv1 Wkh qrupdol}dwlrq jlyhv dq hdv| zd| ri
lqwhusuhwlqj d sulfh fkdqjh1 Iru h{dpsoh/ vxssrvh wkdw wkh sulfh yhfwru fkdqjhv iurp s

















Lq rwkhu zrugv/ wkh sulfh ri wkh exqgoh id￿j￿Mg uhodwlyh wr wkh exqgoh id￿j￿Mu.g kdv idoohq1
Rxu hyhqwxdo jrdo lv wr qg frqglwlrqv zklfk jxdudqwhh wkh Q0prqrwrqlflw| ri S/ exw d
vkruw gljuhvvlrq lv khosixo dw wklv vwdjh1 Doo wkh wkuhh surshuwlhv rq S zh kdyh vwdwhg kdyh
qdwxudo dqdorjxhv iru dq| pds =U,
nn $ U,
nn/ vdwlvi|lqj wkh exgjhw lghqwlw| {+{,@4 1
Lq wklv fdvh/  frxog eh lqwhusuhwhg dv wkh vxssruwlqj sulfh ru lqyhuvh ghpdqg ri wkh
frpprglw| exqgoh {1 Zh vd| wkdw  vdwlvhv wkh zhdn d{lrp dw  { li iru doo { 9@ {/ hlwkhu
{+ {, A 4 ru  {+{, A 4> zh vd| wkdw  lv prqrwrqlf dw  { li + {{,++ {,+{,, ? 3
iru doo { 9@ {> dqg/ qdoo|/ zh vd| wkdw  lv Q0prqrwrqlf dw  { li iru dq| { 9@ {/ wkhuh lv
d   3 dqg A3 vxfk wkdw d  + {,@d  +{, dqg + {  {,  ++ {,  +{,,  3/z l w k
htxdolw| rqo| li +l,  { @ { dqg +ll, {  + {, 9@4dqg +{, dqg + {, duh froolqhdu1
Zh zloo qrw lq wklv sdshu lqyhvwljdwh wkh prqrwrqlflw| ri / d wrslf zklfk kdv douhdg|
ehhq h{whqvlyho| vwxglhg= qhfhvvdu| dqg vx!flhqw frqglwlrqv frxog eh irxqg lq Ploohurq
+4<:7,/ Plwmxvfklq dqg Srowhurylfk +4<:;,/ Ndqqdl +4<;<, dqg Txdk +5333,1 Zh vkdoo irfxv
lqvwhdg rq wkh Q0prqrwrqlflw| ri > zh vkrz wkdw Q0prqrwrqlflw| lv d vlpsoh frqvhtxhqfh
ri d zhdnhu irup ri wkh zhdn d{lrp dqg d qrupdolw| frqglwlrq1 Pruh vshflfdoo|/  vdwlvhv
wkh olplwhg zhdn d{lrp dw  { li iru doo { 9@ {/ zlwk {+ {,@4 /z hk d y h {+{, A 41 Dvvxplqj
wkdw 3￿ h{lvwv/ zh vd| wkdw 3￿ lv qrupdo +ru vdwlvhv qrupdolw|, dw s li 3￿+s,   3￿+s,
zkhqhyhu ?4/d q g3￿+s,  3￿+s, zkhqhyhu A41
SURSRVLWLRQ 616= Vxssrvh wkdw =U,
nn $ U,
nn lv dq lqyhuwleoh ixqfwlrq vdwlvi|lqj
wkh exgjhw lghqwlw| dqg wkh olplwhg zhdn d{lrp1 Wkhq wkh iroorzlqj duh htxlydohqw=
48+l, Wkhuh lv d yhfwru d   3 vxfk wkdw iru doo { zlwk {  + {,@n 9@4 /z hr e w d l q
+ { {,  ++ {,  +{,,  3/ zkhuh  lv fkrvhq wr vdwlvi| d  + {,@d  +{,1
+ll, 3￿ lv d qrupdo ixqfwlrq dw + {,1
Ixuwkhupruh/ li +ll, lv wuxh/ wkh yhfwru d lq +l, lv xqltxh xs wr vfdodu pxowlsohv dqg
+ { {,  ++ {,  +{, ,@3li dqg rqo| li + {, dqg +{, duh froolqhdu1
Surri= Zh uvw vkrz wkdw +ll, lpsolhv +l,1 Dvvxph wkdw n?4 +wkh fdvh ri nA4 fdq eh
ghdow zlwk dqdorjrxvo|,> wkhq p @4 @n A 4 vdwlvhv p+ {,  { @4 1 Vlqfh  lv lqyhuwleoh/
wkhuh lv d xqltxh | vxfk wkdw +|,@p+ {,1 Qrwh wkdw |  + {,@|  +|,@p @ n E| +ll,/
|   {/v rd @ {  |   31 Iru dq| { vdwlvi|lqj {  +{,@n/ zh fdq fkrrvh  wr vdwlvi|
d+ {,@d+{,1 Surylghg { 9@ |/ wkh olplwhg zhdn d{lrp jxdudqwhhv wkdw | +{, A 4/
vr
+ {  {,  ++ {,  +{, ,@+  { | +{  |,,  ++ {,  +{,,
@ +{  |,  ++ {,  +{,,
@ +{  |,  +{,, ? 3=
Vr zh kdyh vkrzq wkdw +ll, lpsolhv +l, dqg dovr wkdw jlyhq rxu fkrlfh ri wkh yhfwru d/
+ { {,  ++ {,  +{, ,@3li dqg rqo| li + {, dqg +{, duh froolqhdu1
Vxssrvh qrz wkdw +l, lv wuxh> zh zdqw wr vkrz wkdw iru A4/  {   3￿++ {,,1
+Rqfh djdlq/ wkh fdvh ri ?4 fdq eh ghdow zlwk dqdorjrxvo|1, Frqvlghu { vdwlvi|lqj
{ + {,@4 @ A 4> iru vxfk { wkhuh lv dq dvvrfldwhg yhfwru d   3 vdwlvi|lqj wkh frqglwlrqv
odlg rxw lq +l,1 Fkrrvh {￿ vxfk wkdw  {{￿ lv sdudooho wr d dqg {￿+ {,@4 @1 Zh fodlp wkdw
{￿ @ 3￿++ {,,1L il wl vq r w /z hz u l w h{￿￿ @ 3￿++ {,,/ dqg frqvlghu {￿￿￿ @ w{￿.+4w,{￿￿1
49Iru d vxlwdeo| fkrvhq w vwulfwo| ehwzhhq 3 dqg 4/ {￿￿￿ lv lq wkh srvlwlyh ruwkdqw/ vr +{￿￿￿,
h{lvwv/ dqg vlqfh lw lv glvwlqfw iurp {￿￿/ wkh olplwhg zhdn d{lrp jxdudqwhhv wkdw {￿￿+{￿￿￿, A 41
Vlqfh {￿￿￿+{￿￿￿,@4e| ghqlwlrq/ zh rewdlq {￿+{￿￿￿, ? 41 Qrwh dovr wkdw {￿￿￿+ {,@4 @1
Fkrrvh  vr wkdw d  + {,@d  +{￿￿￿,1 Wkhq
+ {  {￿￿￿,  ++ {,  +{￿￿￿, ,@+  {  {￿ +{￿￿￿ {￿,,  ++ {,  +{￿￿￿,,
@ +{￿￿￿  {￿,  ++ {,  +{￿￿￿,,
@ +{￿￿￿  {￿,  +{￿￿￿,
@ +4  {￿  +{￿￿￿,, A 3>
zklfk lv d ylrodwlrq ri +l,1 Vr zh frqfoxgh wkdw {￿ @ 3￿++ {,,1 Vlqfh d   3 e| dvvxps0
wlrq/ dqg e| rxu frqvwuxfwlrq d lv froolqhdu wr  {  {￿/z hk d y h{￿   {1 Wklv hvwdeolvkhv +ll,
dqg wkh xqltxhqhvv +xs wr vfdodu pxowlsohv, ri d1 THG
Qrwh wkdw wkh fdvh ri n @4lq frqglwlrq +l, ri Sursrvlwrq 616 lv wulyldoo| wuxh li  vdwlvhv
wkh olplwhg zhdn d{lrp1 Li {+ {,@4 /z hk d y h+ {{,++ {,+{,, @ +4 {+{,, ? 3
iru dq| srvlwlyh / zklfk phdqv wkdw dq| yhfwru d   3 frxog eh fkrvhq1 Wklv revhuydwlrq
dqg Sursrvlwlrq 616 duh vxppdul}hg lq wkh iroorzlqj fruroodu|1
FRUROODU\ 617= Ohw =U,
nn $ U,
nn eh d ixqfwlrq zlwk wkh iroorzlqj surshuwlhv=
+l, {  +{,@4iru doo {/ +ll, lw reh|v wkh olplwhg zhdn d{lrp/ dqg +lll, 3￿ h{lvwv dqg lv
qrupdo1 Wkhq  vdwlvhv Q0prqrwrqlflw|1
Qrwlfh wkdw wkh frqglwlrqv ri Fruroodu| 617 duh dqdorjrxv wr wkrvh ri Sursrvlwlrq 614/
zlwk wkh olplwhg zhdn d{lrp vlplodu wr frqglwlrq +l,/ dqg qrupdolw| vlplodu wr frqglwlrq +ll,1
Lw wxuqv rxw/ qrw vxusulvlqjo|/ wkdw d voljkw vwuhqjwkhqlqj ri wkh frqglwlrqv lq Sursrvlwlrq 614
4:duh vx!flhqw wr jxdudqwhh wkh Q0prqrwrqlflw| ri S1 Lq sduwlfxodu/ +ll, qhhgv wr eh uhsodfhg
e| d voljkwo| vwurqjhu frqglwlrq1 Zh vd| wkdw I vdwlvhv djjuhjdwh qrupdolw| ehwzhhq +s>$,
dqg +s>  $, li wkh iroorzlqj krogv= +l, zkhq s  +$, As + $,/ I+s>$,   I+s>  $,/ +ll, zkhq
s  +$, ?s + $,/ I+s>$,  I+s>  $,/ +lll, zkhq s  +$,@s  + $,/ I+s>$,@I+s>  $,1
SURSRVLWLRQ 618= Ohw S =$ U,
nn/   U
,￿￿￿
n eh dq htxloleulxp pds1 Wkhq S
vdwlvhv Q0prqrwrqlflw| dw  $ li
+l, S+$,  ]+S+ $,>$, A 3 iru doo $ lq  zlwk S+$, 9@ S+ $, +htxlydohqwo|/ ]+>$, vdwlvhv
ZDH lq iS+$,>S+ $,j,/ dqg
+ll, I vdwlvhv djjuhjdwh qrupdolw| ehwzhhq +S+ $,>  $, dqg +S+ $,>$, iru doo $ lq 1
Surri= Li $ vdwlvhv +$,  S+ $,@4 /z hk d y h
++ $,  +$,  +S+ $,  S+$,, @ ++ $,  +$,,  S+$,
@ +I+S+ $,>$,  +$,,  S+$, ? 3
iru dq| srvlwlyh qxpehu / zklfk phdqv wkdw wkh yhfwru d f d qe hf k r v h qw re hd q |y h f w r u
zlwk vwulfwo| srvlwlyh hqwulhv1 +Qrwh wkdw wkh vhfrqg htxdolw| iroorzv iurp +ll, dqg wkh qdo
lqhtxdolw| iurp +l,1,
Zh qrz frqvlghu wkh fdvh zkhq $ vdwlvhv +$,  S+ $, ? 4@+ $,  S+ $,1 +Wkh
fdvh ri +$, S+ $, A 4 fdq eh kdqgohg e| dq dqdorjrxv dujxphqw1, E| +ll,/ I+S+ $,>$, 
I+S+ $,>  $,@+ $,/v rd @ + $,I+S+ $,>$,   31 Fkrrvlqj  vr wkdw dS+ $,@dS+$,/
zh rewdlq
++ $,  +$,,  +S+ $,  S+$, ,@^ + $,  I+S+ $,>$,  ++$,  I+S+ $,>$,,`  +S+ $,  S+$,,
@ ++$,  I+S+ $,>$,,  +S+ $,  S+$,,
4;@ ++$,  I+S+ $,>$,,  S+$,
@ S+$,  ]+S+ $,>$,
zklfk/ e| +l,/ pxvw eh qhjdwlyh1 THG
Wkh uvw yhuvlrq ri wklv uhvxow frxog eh irxqg lq Qdfkedu +4<<<,1 Wklv vwdwhphqw lv
glhuhqw iurp Wkhruhp 4 lq Qdfkedu +4<<<, lq vhyhudo zd|v= wkh vwdwhphqw lv qrq0orfdo/
glhuhqwldelolw| lv qr orqjhu dvvxphg/ dqg shuwxuedwlrqv zklfk suhvhuyh phdq lqfrph/ l1h1/
S+ $,  + $,@S+ $,  +$, duh qrw h{foxghg1
4<UHIHUHQFHV
FDOYHW/ O1/ M10P1 JUDQGPRQW/ DQG L1 OHPDLUH +4<<;,= Khwhurjhqrxv Suredelo0
lwlhv lq Frpsohwh Dvvhw Pdunhwv/% FRUH Glvfxvvlrq Sdshu/ <;4<1
JUDQGPRQW/ M1 P1 +4<<5,= Wudqvirupdwlrqv ri wkh frpprglw| vsdfh/ ehkdylrudo khw0
hurjhqhlw|/ dqg wkh djjuhjdwlrq sureohp/% Mrxuqdo ri Hfrqrplf Wkhru|/ 8:/ 40681
KLOGHQEUDQG/ Z1 +4<;6,= Rq wkh Odz ri Ghpdqg/% Hfrqrphwulfd/ 84/ <<:0434<1
MHULVRQ/ P1 +4<<<,= Glvshuvhg h{fhvv ghpdqgv/ wkh zhdn d{lrp dqg xqltxhqhvv ri
htxloleulxp/% Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 64/ 4807;1
NDQQDL/ \1 +4<;<,= D Fkdudfwhulvdwlrq ri Prqrwrqh Lqglylgxdo Ghpdqg Ixqfwlrqv/%
Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 4;/ ;:0<71
PDOLQYDXG/ H1 +4<:5,= Ohfwxuhv rq Plfurhfrqrplf Wkhru|1 Qhz \run= Qruwk0Kroodqg1
PDV0FROHOO/ D1 +4<<4,= Rq wkh Xqltxhqhvv ri Htxloleulxp Rqfh Djdlq/% lq EDU0
QHWW/ Z1/ E1 FRUQHW/ F1 G*DVSUHPRQW/ M1 JDEV]HZLF]/ DQG D1 PDV0
FROHOO +hgv1,/Htxloleulxp Wkhru| dqg Dssolfdwlrqv/ Fdpeulgjh= Fdpeulgjh Xql0
yhuvlw| Suhvv1
PDV0FROHOO/ D1/ P1 G1 ZKLQVWRQ/ DQG M1 U1 JUHHQ +4<<8,= Plfurhfrqrplf Wkh0
ru|1 R{irug= R{irug Xqlyhuvlw| Suhvv1
PLOOHURQ/ M1 F1 +4<:7,=Xqlflwh hw vwdelolwh gh o*htxloleuh hq hfrqrplh gh glvwulexwlrq%
Vhplqdluh g*Hfrqrphwulh Ur|0Pdolqydxg1
53PLWMXVFKLQ/ O1 J1 DQG Z1 P1 SROWHURYLFK +4<:;,= Fulwhuld iru prqrwrqlflw| ri
ghpdqg ixqfwlrqv/% Hnrqrplnd l Pdwhpdwlfkhvnlh Phwrg|/ 47/ 455045; +lq Uxvvldq,1
QDFKEDU/ M1 K1 +4<<<,= Jhqhudo Htxloleulxp Frpsdudwlyh Vwdwlfv/% Zdvklqjwrq Xql0
yhuvlw|/ Vw Orxlv1
TXDK/ M1 N10K1 +4<<:,= Wkh Odz ri Ghpdqg Zkhq Lqfrph lv Sulfh Ghshqghqw/% Hfrqr0
phwulfd/ 98/ 4754047751
 +4<<<,= Wkh Zhdn D{lrp dqg Frpsdudwlyh Vwdwlfv/% Qx!hog Froohjh Zrunlqj Sdshu/
Z481
 +5333,= Wkh Prqrwrqlflw| ri Lqglylgxdo dqg Pdunhw Ghpdqg/% Hfrqrphwulfd/9 ; /
<440<631
VKDIHU/ Z1 DQG K1 VRQQHQVFKHLQ +4<;5,= Pdunhw Ghpdqg dqg H{fhvv Ghpdqg
ixqfwlrqv/% lq DUURZ/ N1 M1/ dqg P1 G1 LQWULOLJDWRU +hgv1,/ Kdqgerrn ri Pdwk0
hpdwlfdo Hfrqrplfv/ Yro1 LL/ Qhz \run= Qruwk Kroodqg1
54